Violent respiratory events such as coughs and sneezes play a key role in transferring respiratory diseases between infectious and susceptible individuals. We present the results of a combined experimental and theoretical investigation of the fluid dynamics of such violent expiratory events. Direct observation of sneezing and coughing events reveals that such flows are multiphase turbulent buoyant clouds with suspended droplets of various sizes. Our observations guide the development of an accompanying theoretical model of pathogen-bearing droplets interacting with a turbulent buoyant momentum puff. We develop in turn discrete and continuous models of droplet fallout from the cloud in order to predict the range of pathogens. According to the discrete fallout model droplets remain suspended in the cloud until their settling speed matches that of the decelerating cloud. A continuous fallout model is developed by adapting models of sedimentation from turbulent fluids. The predictions of our theoretical models are tested against data gathered from a series of analogue experiments in which a particle-laden cloud is ejected into a relatively dense ambient. Our study highlights the importance of the multiphase nature of respiratory clouds, specifically the suspension of the smallest drops by circulation within the cloud, in extending the range of respiratory pathogens.
Puffs, jets, thermals and plumes are turbulent bodies of fluid ejected from a localized source either continuously (in the case of plume and jets) or discontinuously (in the case of puffs and thermals). Thermals and plumes are buoyancy driven, while puffs and jets are momentum driven (Scorer 1978; Turner 1979) . As they proceed from the source, these flows retain roughly the same shape and their lateral extent increases linearly with distance from the source. This observation of self-similarity led to the entrainment hypothesis (Morton, Taylor & Turner 1956 ) which allows one to render such turbulent flows analytically tractable by assuming that the details of the velocity fluctuations can be averaged out. According to the entrainment hypothesis, the speed w of the ambient fluid drawn into the cloud is proportional to the average cloud speed U, so the cloud radius r increases linearly with the distance s from the source: w = αU and r = αs (Morton et al. 1956 ) ( figure 1a) . The values of the entrainment coefficient α are observed to be roughly constant although with considerable variability for each type of flow, be it thermal or plume, puff or jet. This turbulent plume theory has proven to be sufficient to capture key features of many geophysical and environmental flows, including the emission of industrial effluent, the emission of volcanic hydrothermal plumes or thermals and the ejections of bubble plumes in lakes (e.g. Scorer 1978; Cardoso & Woods 1993; Gonnermann & Manga 2007; Woods 2010) . Here, we adapt such an approach in order to describe the dynamics of violent expiratory events. The fate of the suspended droplets is determined by drawing an analogy with multiphase particle-laden clouds as arises in a variety of geophysical systems such as riverine outflows or industrial waste discharges (e.g. Scorer 1978; Socolofsky, Crounse, & Adams 2002; Bush, Thurber, & Blanchette 2003; Hunt et al. 2007) .
We here present the results of a combined experimental and theoretical study aimed at elucidating the dynamics of pathogen-bearing droplet dispersion by violent expiratory events. In § 2, we present the results of our visualization of real human coughs and sneezes. An analogue experimental study of multiphase puffs is presented in § 3, and allows us to refine our physical picture of expiratory clouds. The resulting theoretical model is developed in § 4. The application of our theoretical model to clinical data is presented in § 5.
We began by visualizing the dynamics of coughs and sneezes produced by adults. A schematic illustration of the experimental set-up used in our study is presented in figure 2 . The head of the subject was positioned in front of a black felt backdrop in order to create a black-field effect. The area was surrounded with lights oriented to maximize light scattering by the emitted droplets. High-speed imaging of various violent expirations was recorded at 1000-4000 frames per second (f.p.s.) with a Phantom high-speed video. A monochrome camera was used to reduce light sensitivity. Note that despite the high density of ejecta apparent in figures 3 and 4, considerably more droplets and mist were observed with the naked eye than with the camera. Nevertheless, our visualizations were sufficient for our purposes. In certain experiments, a smoke generator enabled tracking of the emitted gas phase. Coughs and sneezes were found to consist of a turbulent cloud of buoyant gas with suspended droplets. The largest droplets follow a ballistic trajectory relatively unaffected by the flow in the gas phase, while the smaller drops were suspended to varying degrees within the turbulent gas cloud, thereby having their range extended. The largest droplets are tracked visually, resulting in the streak image shown in figure 3(e). The shape of the trajectories suggests a ballistic path for the larger droplets whose dynamics is not greatly affected by the cough cloud. We also used smoke to enhance our visualization of the cough cloud. Figure 3 (e,f ) allow us to compare the trajectories of the emitted droplets with the path of the air cloud, as visualized with smoke. The air flow emitted was recorded at 2000 f.p.s. The smoke cloud was initially directed downward at an angle 24 ± 7 • from the horizontal and associated with an entrainment coefficient of 0.24 ± 0.02 in the initial jet phase close to the mouth and 0.132 ± 0.06 in the second puff phase. The airflow was expelled for approximately 300 ms as highlighted by the use of smoke in figure 3(f ), where we superpose the video sequence from the onset of the cough to the end of the recording. The duration of coughs was estimated to be 200-500 ms in Gupta, Lin & Chen (2009) , with peak flows arising at 57-110 ms for female subjects and 57-96 ms for males and opening angle close to the mouth leading to approximate entrainment coefficient of 0.21. Our observations are thus consistent with the ranges previously reported. The expelled volume of the female subject in figure 3(f ) was estimated to be 0.6 ± 0.1 l by recording the volumes of water displaced by a series of coughs directed into a bath via a tube. By way of comparison, measurements on large groups of patients reported that the volume expired during coughs was in the range 0.25-1.25 l for females and 0.4-1.6 l for males (McCool 2006; Gupta et al. 2009; Park et al. 2010) . The mouth opening area in this figure was estimated to be 3.4 cm 2 during the cough, which is also consistent with values reported in previous studies, 4 ± 0.95 cm 2 for males and 3.37 ± 1.4 cm 2 for females (Gupta et al. 2009 ). Figure 4 shows analogous visualizations of a sneeze recorded at 1000 f.p.s. The top series of images shows the evolution of the cloud from 0.006 to 0.34 s from the onset of the sneeze. The cloud is evidently more dense than that generated by the cough (figure 3); moreover, the range of visible droplets is larger. Figure 4 (g) shows the trajectories of the largest droplets emitted in the sneeze, whose dynamics are markedly different from those of the smaller drops transported within the cloud. Sneezes were also observed to be shorter than coughs for the same individual, the observed duration being approximately 200 ms. Our visualizations capture the dynamics of the cloud up to approximately 1 m from the source. Using the observed ejection speed and geometry, we estimate a typical Reynolds number of 10 4 for coughing and 4 × 10 4 for sneezing. The estimated entrainment coefficients for the sneeze shown in figure 5 are 0.13 ± 0.02 in the initial jet phase and 0.055 ± 0.01 in the subsequent puff phase. Figure 5 shows the comparison between the trajectory of the exhaled sneeze cloud and the larger droplets recorded at 2000 f.p.s. The cloud trajectory was particularly helpful to visualize the effect of buoyancy. The values of momentum and buoyancy of the cloud vary with distance from the source as ambient air is entrained and the droplets settle out of the cloud. We note that the apparent kink in the trajectory of the cloud, a common feature in the sneezes recorded, occurs at a time where the average momentum and buoyancy of the cloud become comparable, as will be discussed further in section § 4. Figure 6 shows an image sequence of a sneeze recorded at 2000 f.p.s. The circulation within the cloud is readily apparent on the video and highlighted in this figure with a pair of arrows. Note the change of orientation of the arrows, which again illustrates the influence of buoyancy in deflecting the cloud upward. One can clearly see the trace of the mist droplets that remain suspended and recirculated within the sneeze cloud even beyond 70 cm from the source. The residual mist suspended in the cloud remains apparent until the end of the video. We also observe the settling . Physical picture of the evolution of a cough or sneeze cloud emitted horizontally. Negatively buoyant suspended droplets are circulated within the cloud until they settle out (at a horizontal distance x fall ) and reach a final position x max , corresponding to the range of contamination. The virtual origin is shown behind the sneezer source and is computed by extrapolating the measured trajectory of the cloud. The cloud climbs in response to its increasing buoyancy as the negatively buoyant droplets fall out. of small, long-lived droplets from the cloud at speeds as low as 0.06 m s −1 . This settling speed and time to complete evaporation are consistent with pure water droplets smaller than 50 µm diameter that have a settling speed of less than 0.068 m s −1 and time to complete evaporation of less than 6 s (Holterman 2003) . Smaller settling speeds were also observed, but difficult to estimate owing to their irregular motion. Figure 7 illustrates the physical picture that emerges from a synthesis of our flow visualizations, prior work on cloud visualization using schlieren (e.g. Tang et al. 2009 ) and droplet sampling (e.g. Morawska et al. 2009b) . Violent respiratory events release droplet-bearing turbulent momentum puffs of moist, buoyant air ejected in a direction that depends on the individual. As the buoyant momentum puff advances, it entrains ambient air, its width increasing and its speed decreasing with distance from the source (Turner 1979) as illustrated in figure 1 (a,b) . While large droplets follow a ballistic trajectory largely unaffected by the turbulent cloud, smaller droplets may remain suspended in the cloud and are circulated therein until they settle out. In § 4.2 we first describe the fate of suspended droplets using a discrete fallout model, where drops remain suspended in the cloud until their settling speeds match the speed of the cloud. A more sophisticated fallout description is then developed that accounts for a continuous fallout of the droplets along the entirety of the cloud's trajectory. Such dynamics are illustrated for horizontally directed flows in figure 7.
Analogue experiments
As an experimental analogue to droplet-laden coughs and sneezes, we examined the dynamics of turbulent, dyed, particle-laden fluid injected into a quiescent water tank from a piston (figure 8). The cloud buoyancy resulted from the use of salty water in the tank and fresh water in the payload (see table 1 ). The water tank of height 60 cm, length 3.25 m and width 85 cm was divided into two parts, a release section of approximately 75 cm in length that contained the source piston, and an illuminated observation section of approximate length 2.5 m. A wall was used to separate the two regions in order to minimize disturbances to the observation area caused by the piston release. The piston was placed 23 cm above the base of the tank, which minimized wall and surface effects on the puff trajectory, such as attraction to the boundary via the Coanda effect. The piston, with internal radius 2.6 cm and opening diameter of 0.9 cm, was filled and its payload (88 cm 3 ) released over a characteristic time of 375 ± 50 ms. This was fine-tuned to minimize the release time while still maintaining a puff subsequent cloud dynamics. During release, the Reynolds number of the fluid payload was approximately 5000. The trajectory of the resulting turbulent puff cloud and the deposition pattern of its particles were recorded with a Nikon SLR D90 camera at 24 f.p.s. A backdrop of black felt was used to minimize reflections from the tank wall.
Three dozen experiments were carried out, five of which are detailed here (I-V see table 2). One experiment (I) involved a buoyant puff cloud free of beads, while the other experiments (II-V) involved bead-laden buoyant clouds. The settling speed of the particles was measured in fresh water. The difference in density between the fresh dyed water contained in the piston and the clear water of the tank ranged from 5.4 to 10 mg cm 3 . The tank fluid density was measured using a densitometer (DMA 35N, Anton Paar) at several different locations in the tank in order to ensure that it was well-mixed. Care was taken to ensure that residual disturbances caused by the filling process dissipated before release. Note that data acquisition ceased when the buoyant puff approached the bottom or the top of the water tank. In addition, some of the clouds grew asymmetrically; which can be attributed to residual motion originating from the release mechanism, for example, the formation of an asymmetric vortex ring at the front of the cloud (e.g. Scorer 1957) . Such experiments were discarded from consideration.
As the cloud progresses, the ambient fluid is entrained and mixes with the cloud, leading to an increase in size and hence a deceleration of the puff (Turner 1979) . The entrainment of ambient fluid modifies the total mass and volume, but the cloud roughly retains its shape. The self-similar growth of the turbulent puff leads to r = αs, where r is the half-width of the cloud and s the distance from the source (see figure 1a ). In reality, details of source conditions displace the effective origin of the cloud relative to the piston (Hunt & Kaye 2001) . The virtual origin can be computed by extrapolating the measured r against s plot, as illustrated in figure 7 . . A schematic illustration of our analogue experiment, conducted in a tank containing salty water. Buoyant, dyed, particle-laden payloads were released using the rapid triggering of the piston. The release and observation regions were separated by a wall to minimize disturbances to the particle-laden puff by the piston release. 
8.86 × 10 −2 9.29 × 10 −2 1.05 × 10 −1 1 × 10 −1 9.70 × 10 −2 TABLE 1. Parameters used in experiments I to V: number of beads N, bead diameter d, bead density ρ p , measured settling speed u m s , theoretical settling speed u t s , and associated particle Reynolds number Re p = u t s d/ν, where ν is a water kinematic viscosity. Here, φ is the initial volume fraction of particles in the payload of volume 88 cm 3 . We also report the density of the tank water ρ tank and fluid released ρ f , as well as initial cloud velocity v 0 , momentum I 0 and buoyancy B 0 . The dynamic viscosity of water is µ = ρν = 1.002 × 10 −3 kg m −1 s −1 .
While these clouds are buoyant, they are initially driven by momentum, as is the case for coughs and sneezes. Two phases of the cloud evolution were apparent in all experiments. The first phase is dominated by a jet-like dynamics, corresponding to Here, x T is the observed distance of transition from the jet to puff phases extracted from the cloud trajectory and size data (e.g. figure 9 ). Here, x t fall is the predicted fallout distance of particles from the cloud. Here, x t max is the predicted maximum distance of deposition of particles (or range). Finally, the high-speed release of the payload. The second phase is dominated by a puff-like dynamics, which is characterized by the self-similar growth of the puff cloud. For a jet, the conservation of momentum flux M 0 ∼ ρr 2 ( ds/ dt) 2 combined with the selfsimilar growth of the cloud r ∼ αs leads to ds/ dt ∼ 1/s; hence, s ∼ t 1/2 . For a puff, the conservation of momentum I 0 ∼ ρr 3 ds/ dt combined with the self-similar growth of the cloud r ∼ αs leads to ds/ dt ∼ 1/s 3 ; hence, s ∼ t 1/4 . Distinct jet and puff phases were apparent in all our experiments. Figure 9 illustrates the dependence of the position s on time t and the corresponding dependence of r on s. The change of slope in the relationship between r and s indicates the transition between the jet and puff regimes and the associated change in entrainment coefficient α. Similar changes of slope and scalings were observed for all experiments. The entrainment coefficient of each phase was extracted and reported as α 1 and α 2 in table 2. Here, x T , the distance of transition from the jet to puff phases, is also given. The range of coefficients measured is 0.09 < α 1 < 0.18 for the jet phase and 0.015 < α 2 < 0.037 for the puff phase (see table 2). Reported values of α for thermals ranged from 0.2 to 0.34 with a mean of 0.25 (Scorer 1957) or from 0.13 to 0.53 (Richards 1961 ). Richards (1965) showed that non-buoyant puffs and thermals are similar, with α ranging from 0.15 to 0.58. Richards (1965) noted that there is a larger variability in the entrainment coefficient of puffs than thermals. Figure 11 shows the trajectory of the buoyant puff cloud released without beads (experiment I). The inset shows the superposition of images tracing the shape of the cloud as it grows away from the source. The front edge and shape of the cloud were tracked on the video frames. As was observed in both our experiments and previous studies of thermals, the cloud was best described as an ellipsoid (Scorer 1957) . The tracking of the position of the geometric centre of the cloud (figure 10) was used to construct the time evolution of its position s. Note that in the inset and snapshots of figures 10-11, the upturn in the cloud is evidence of the influence of buoyancy on the cloud motion. Figure 12 shows the trajectories of the puff cloud when beads are contained in the payload. Note that the addition of beads modifies the dynamics of the cloud, decreasing the entrainment coefficient and so increasing the particle range. Quite generally, turbulence affects the mixing and coalescence of suspended particles and droplets in various multiphase flows (Ghosh et al. 2005) . The best fit entrainment coefficient for the multiphase cloud was lower than for homogeneous clouds as is consistent with the recent observations of Lai et al. (2013) . Indeed, figure 12 shows that the trajectories of the clouds II-V are best captured by the average of the jet and puff phase entrainment coefficients α avg . The average values all fall close to 0.07, the value reported by Lai et al. (2013) in their study of a two-phase sediment cloud.
The pattern of bead deposition is shown in figure 13 . Such images were analysed to extract the maximum distance of deposition, their range x o max .
Theoretical model
We proceed by developing a theoretical model based on the physical picture of violent expiratory events as discrete emissions of droplet-laden multiphase turbulent clouds ( figure 7) . This model is used to rationalize the role of the multiphase cloud in extending the observed range of the beads reported in our analogue experiments and to yield insight into real coughs and sneezes.
Recall that the expiratory puff is treated as an isolated mass of turbulent fluid moving through an undisturbed environment, driven initially primarily by its momentum rather than its buoyancy; hence, it is initially closer to a multiphase 2 ).
puff than a thermal. However, buoyancy cannot be entirely neglected and ultimately influences the cloud trajectory as is evident in figure 5 . Hence, we model the cloud as a buoyant multiphase puff with initial buoyancy B 0 and initial momentum I 0 .
For a one-phase cloud without suspended particles, the cloud buoyancy is defined as B = V c (ρ a − ρ c )g, where V c and ρ c are the volume and density of the cloud, respectively. Here, ρ a is the density of the ambient air and g the acceleration due to gravity (see figure 4h ). If the cloud has initial momentum I 0 and buoyancy B 0 , one expects a transition from momentum to buoyancy dominated dynamics at a time t * = I 0 /B 0 . In our analogue experiments, particles generally fall out prior to such a transition; however, small droplets may remain suspended in real cough and sneeze clouds throughout their evolution. We model the multiphase flow with initial density
where φ n (0) is the volume fraction of suspended material, specifically, the droplets or particles of diameter d n , i.e. N n v n /V, where v n = π d 3 n /6 is the drop volume, V the cloud volume, and N n is the number of drops or particles suspended in the cloud of diameter d n . The cloud moves forward, entraining ambient fluid of density ρ a and acquiring a volume V(t) = V(0) + V a (t) provided the drops remain suspended in the cloud. Note that the initial volume fraction of the fluid phase in real coughs and sneezes reported previously is relatively small, e.g. 10 −5 (Duguid 1946) , or table 1. even less, e.g. 10 −7 (Johnson et al. 2011) . The low volume fraction ( 1 %) allows us to neglect the modifications to the droplet speeds required at higher particle concentration .
The cloud density evolves according to
or alternatively
where the volume fraction of suspended material of diameter d n at time t is φ n (t) = N n (t)v n /V. We consider the case where all of the suspended material has the same density ρ p . Within this framework, droplets or particles remain suspended within the puff until their settling speed u sn exceeds the mean circulation speed within the puff. As the puff speed necessarily decreases with distance from the source, so does the size of the suspended material: the largest drops fall out of the cloud directly after ejection, while the smallest drops and droplet nuclei can remain suspended within the puff for a significant distance. where |I| = ρ c ηr 3 ds dt = ρ c ηα 3 s 3 ds dt .
(4.5)
Here, B(t) = V c (t)(ρ a − ρ c (t))g is the cloud buoyancy, ds/ dt = w is the mean speed of the cloud along its curvilinear trajectory, V = ηr 3 = ηα 3 s 3 is the cloud volume (see figure 1) and |I| 2 = I 2 x + I 2 y . Equation Note that if the cloud is spherical, η = 4π /3; however, it has been observed in both our experiments and previous studies of thermals that the cloud is better described as an ellipsoid with radius r and height kr, leading to η = k4π /3 with k = 9/(4π ) (Scorer 1957) . Hence, the volume of the cloud can be expressed as V = 3α 3 s 3 . This form is used throughout the remainder of the paper and is consistent with the observations and developments of Scorer (1957) .
The total mass of the cloud increases through entrainment according to d(ρ c V)/ dt = ηρ a α 3 s 2 ( ds/ dt). If ρ a is constant, then necessarily dB/ dt = 0: entraining fluid with no buoyancy does not change the cloud buoyancy. The conservation of initial buoyancy B(0) = B 0 , which is valid prior to particle fallout leads to the following simplification of (4.4): I x = |I| cos θ = I 0 cos θ 0 I y = |I| sin θ = B 0 t + I 0 sin θ 0 .
(4.6)
In this case, |I| 2 = I 2 x + I 2 y and (4.5) leads to
(4.7)
Using (4.3), equation (4.7) becomes
The governing equation for θ(t) can also be obtained by manipulation of (4.6): with initial conditions (s 0 , θ 0 ) = (0, 0) at t 0 = 0. Note that this result breaks down for vertical trajectories, that is, when θ = ±π/2.
Fallout
As the cloud entrains fluid and decelerates, its mean velocity eventually becomes comparable to the settling speed of the largest suspended droplets. We first describe the particle fallout as being discrete, assuming that droplets fallout when their settling speed matches the mean speed of the cloud ds/ dt, which corresponds to its characteristic internal circulation speed. The Stokes settling speed u s = gd 2 /(18µ)(ρ p − ρ a ) was previously used to describe the settling of droplets emitted by violent expirations (e.g. Wells 1934 Wells , 1955 . However, a more general formulation is required to describe the large size range of droplets and droplet nuclei. Specifically, inertial effects are important for large droplets, while the shortcomings of the non-slip hypothesis becomes important for particles smaller than 1 µm (Hinds 1999; Crowder et al. 2001; Lauga, Brenner, & Stone 2005) . Porosity of the residual droplet nuclei in real coughs and sneezes can also substantially affect their settling speeds (e.g. Kajihara 1971; Edwards et al. 1998; Crowder et al. 2001) . The dependence of the settling speed u s on drop size is characterized in the Appendix. FIGURE 14. (Colour online) Schematic of the spreading and settling of the particles from a cloud emitted vertically, which is roughly analogous to flows generated by patients sneezing or coughing upward while lying down in a hospital setting. A particle may remain suspended in the cloud until its settling speed U s exceeds the speed of the decelerating cloud U. The fallout height y fallout and range of contamination r c are both indicated and would be given by the smallest positive root of (4.13).
Discrete fallout
For discrete particle fallout, the fallout criterion of droplets or particles of diameter d is thus U s = ds/ dt. In the simplified case of a vertical buoyant puff (see figure 14) , with the initial condition θ 0 = π/2, the governing equations become
(4.12)
Here, the fallout criterion U s = dy/ dt leads to the following polynomial equation for the fallout height y
The smallest positive root determines the height and time of fallout for droplets with settling speed U s . For the horizontal configuration (figure 7) the derivation is analogous; however, the fallout criterion leads to a transcendental equation rather than a polynomial. We first assume that, following fallout from the cloud, the particles of diameter d are in free fall with initial position (s fall (t fall ), θ fall (t fall )) or (x fall , y fall ) and exit velocity (U s cos θ fall , U s sin θ fall ). While the fallout time and position are important, the horizontal range of deposition (x range ) is of primary interest for disease transmission by emitted pathogens. We report in table 2 the theoretically predicted fallout distance x t fall and the maximum distance of deposition (or range) x t max . The latter is computed using the free fall equations with the initial conditions prescribed by fallout at x t fall , specifically, u = u(x t fall , y t fall , t t fall ). The predicted range x t max is compared with that observed x o max in our analogue experiments. We have thus far assumed that the particles or droplets remain in the cloud until the mean cloud velocity and so its internal speed of recirculation matches the settling speed of the particles. This implicitly assumes that the recirculation within the cloud is acting to suspend particles. We note that such is not the case at the edge of the cloud FIGURE 15. (a) Schematic illustration of sedimentation from a turbulent ambient as described by Martin & Nokes (1988) . Particles with settling speed less than the characteristic turbulent speed remain suspended unless they settle into the lower boundary layer. The result is a suspended particle concentration that decays exponentially over a timescale h/U s . (b) Schematic of our model of continuous fallout as described by the system (4.15)-(4.20). Particles now settle out of the cloud continuously prior to the final fallout time, t fallout , as predicted by the discrete fallout model.
where the recirculation is largely horizontal. Consequently, the droplets can leave the cloud before reaching the fallout length, as is consistent with our observations of a relatively continuous deposition of particles in our analogue experiments (figure 13).
We thus modify our discrete fallout model through considering the change in buoyancy and volume of the turbulent puff associated with continuous particle settling. Martin & Nokes (1988) proposed a simple model to describe particle settling through a turbulent fluid in a bounded container. They assume that the fluid is well mixed and turbulent and that the particle settling speed is substantially less than the characteristic turbulent speed. The particles thus remain suspended unless they settle into the lower boundary layer, in which case they sediment out. Their model predicts an exponential decrease of the particle concentration with a timescale of h/U s , where h is the height of the bounded container and U s is the settling speed of the suspended particles (see figure 15 ). applied this model to describe the sedimentation of bidisperse particles from riverine gravity currents, a model further developed by Clarke, Bush & Bush (2009) . Following such ideas, we propose a model of continuous particle fallout, in which particles settle out continuously from the cloud prior to final fallout.
Continuous fallout
Based on our observations (see also Lee et al. 2013) , we assume that the settling of particles occurs through the lower half surface of the turbulent puff cloud with area A(t)/2. This gives the rate of change of the number of particles within the cloud:
Assuming that the particles are homogeneously mixed within the cloud, the particle concentration C = N(t)/V(t); hence, we obtain
where we used our previous expressions for the volume and surface area of the cloud, V(t) = ηα 3 s(t) 3 and A(t) = 3ηα 2 s(t) 2 . Unlike in the model of Martin & Nokes (1988) , the volume and surface area of the cloud is changing due to entrainment. We can nevertheless solve for the deposition pattern and its effect on the trajectory of the cloud by complementing (4.15) with the following system of coupled differential equations: (4.20) where the cloud density ρ c is defined in (4.2) and depends explicitly on the particle concentration. We can then use the system (4.15)-(4.20) to derive the trajectory of the cloud prior to t fallout and predict the associated particle range x t max . The latter quantities can be obtained for either of our two fallout models, with fallout happening either instantaneously at t fall or continuously prior to t fall .
The predicted behaviour of the particle-bearing multiphase buoyant cloud is now compared with the experimental observations. The trajectories of the clouds in figures 11 and 12 are compared with our theoretical prediction obtained using the range of entrainment coefficients recorded in table 2. The comparison between predictions of the discrete and continuous fallout models is shown in figure 16 . The theoretically predicted fallout distance x t fall and the maximum distance of deposition (or range) of the particles x t max are given in table 2 and compared with the observed maximum distance of deposition x o max (e.g. figure 13 ) for each experiment also in table 2. Note that, except for the larger beads used in experiment II, beads fell out of the cloud in the puff phase. The comparisons of x o max and x t max show a satisfactory agreement between experiments and theory for the bead deposition range. We also see that the multiphase cloud substantially increases the range of the beads. Indeed, using a simple ballistic calculation (in which drag is neglected), one obtains upper bounds for the maximum deposition distance of 21, 25, 24 and 24 cm from the source for the experiments II, III, IV and V, respectively. Accounting for drag reduces these values to 4, 2, 1 and 0.5 cm, respectively. The multiphase cloud dynamics extends these ranges to 31, 37, 63 and 66 cm, respectively (see table 2), i.e. by a factor of up to 130 for the smallest beads. Our theoretical model of a turbulent multiphase cloud with continuous fallout rationalizes this observed increase of range, which is most pronounced for smaller particles more readily suspended by the cloud.
Application to clinical data
Our combined experimental and theoretical study has shown how particles can be suspended in turbulent clouds, their range thus being extended. We now consider the implications of these findings for real coughs and sneezes. Cough clouds initially contain both buoyant gas and negatively buoyant droplets. We proceed by using our model to describe their dynamics using the initial parameters of coughs recorded in the clinical literature. Initial velocity, opening angle, moisture, volume and other parameters recorded for clinical coughs are taken from various sources (see table 3 ). The droplet size distribution considered is that reported by Duguid (1946) (figure 17) . Figure 18(a,b) show the trajectories of two multiphase buoyant clouds predicted by the theoretical models developed in § 4. Figure 18(a) shows the trajectory and fallout distance of a multiphase cough cloud composed of large droplets of diameter 700 µm, while 18(b) illustrates the same for a cloud with droplets of diameter Picard et al. (2008) . The ambient air density ρ a = 1.172 kg m −3 for typical winter conditions (temperature 23 • C, relative humidity 19.1 %). The dynamic viscosity of air is 1.9 × 10 −5 kg s −1 m −1 . The density of the droplets emitted ρ d , the total volume of a cough fluid V, its mean initial velocity u, and its entrainment coefficient are estimated based on the opening angle of the cough cloud α. The initial volume fraction of droplets used is φ = 1.89 × 10 −7 , with initial momentum I 0 = 1.31 × 10 −2 kg m s −1 and buoyancy B 0 = 2.3 × 10 −3 kg m s −2 .
30 µm. Note that the height reached for the cloud containing 30 µm droplets is comparable to ceiling heights (4-6 m) of most facilities where ventilation systems reside. Figure 18(c) shows the mean speed of the cough cloud decaying with time (and distance) from the source. The settling speeds of droplets of size 30-700 µm are also compared with the mean speed of the cloud, yielding the fallout time of each droplet group. We assume that upon leaving the cloud, the droplets or particles have the velocity and position of the cloud at fallout. The resulting distance at which the droplets reach the floor (estimated at 2 m below the cougher's mouth) can thus be computed.
The fallout and contamination ranges are compared in figure 18(d) . We see again that the cloud dynamics plays an important role in extending the range of all droplets, particularly the smallest ones. Indeed, without the cloud entrainment, the trajectory of the droplets of diameter d 100 µm expelled at cough cloud velocity would only be up to a dozen centimetres away from the mouth. This range is extended to metres away from the cougher by the cloud entrainment. For example, figure 18(b) shows that droplets of diameter 30 µm can have a horizontal range of up 2.5 m away from the cougher due to cloud dynamics. Moreover, when relatively large particles are ejected in the forward direction from the cloud, their range can be extended significantly. Indeed, their higher exit velocities relative to smaller drops that fall out later can lead to a non-monotonic variation of the contamination range as a function of the droplet diameter, as indicated in figure 18(d) .
Summary and conclusion
We have examined the factors that influence the transport of droplet-borne pathogens in violent respiratory expirations. We have presented experiments of human coughs and sneezes, which demonstrate that violent respiratory flows are turbulent, multiphase puffs. We observed that the initial emitted turbulent fluid entrains ambient The non-monotonic dependence of the range on drop diameter arises because larger suspended droplets fall out earlier in the life of the cloud, hence with higher exit velocities than smaller drops that fall out later. fluid in a self-similar manner, leading to the increase of its size and decrease of its mean speed with distance from the source. We have proposed both discrete and continuous fallout models that draw from previous models of multiphase plume (Morton et al. 1956; Bush et al. 2003) and sedimentation dynamics (Martin & Nokes 1988) . In the discrete fallout model, droplets remain suspended until their settling speed exceeds the mean speed of the cloud, at which point they fall out. In the continuous fallout model, droplets leave the bottom part of the cloud continuously at a rate prescribed by the size of the cloud and the settling speed of the droplets. Analogue experiments were used to test the range of validity of our theoretical model. Both the multiphase cloud trajectory and the deposition range of the analogue droplets were compared against experimental results and showed satisfactory match. Thus, we applied the theoretical model to an example of a clinical data set focusing on cough parameters in winter indoor conditions.
Our key findings are as follows. The turbulent multiphase cloud plays a critical role in extending the range of the majority of pathogen-bearing drops that accompany human coughs and sneezes. Smaller droplets (less than 50 µm diameter) can remain suspended in the cloud long enough for the cough to reach heights where ventilation systems can be contaminated (4-6 m). A droplet of diameter d = 10 µm evaporates in 0.027 s, during which it would fall a distance of approximately 0.08 mm at a settling speed of approximately 3 mm s −1 . It would thus clearly remain suspended in a cough or sneeze cloud metres away from the cougher. Indeed, the cloud model presented in this study predicts that the range of droplets of diameter d 100 µm would be extended by a factor of 5 to more than 200 as d decreases from 100 to 10 µm. Moreover, following fallout from the cloud, such small droplets or their associated droplet nuclei can be resuspended by ambient air currents that usually have speeds of the order of ∼1 cm s −1 (e.g. Melikov & Kaczmarczyk 2012) .
The ambient conditions also influence the buoyancy of the cloud and so the range of contamination of its suspended droplets. Changing the buoyancy from summer to winter indoor conditions can result in a variation of the range of deposition of the order of metres for the relatively large droplets (diameter d > 50 µm) to dozens of metres for the smallest droplets and droplet nuclei (diameter d < 10 µm). We note also that droplet evaporation can enhance the cloud buoyancy, increasing its vertical momentum and thus the chances of the cloud reaching the ceiling and contaminating the ventilation system.
Finally, we note that problems arising in disease transmission are numerous, and constitute a rich class of problems to which the tools of fluid dynamics can be profitably brought to bear. The use of multiphase turbulent flow theory has enabled us to revise the existing physical picture of respiratory disease transmission. Specifically, we have developed a theoretical model that can be used with clinical data to yield improved estimates of the range of airborne respiratory disease transmission. A more thorough integration of our theoretical model with clinical data is the subject of our continuing work.
